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What is sampling?

e Sampling from a distribution 7(x), x € X :
generating values xi, xo, ..., x, € X such that

target density 7

_

histogrim of samples

\

Examples :
e Bernoulli(1/2), X = {0, 1}: toss a fair coin, we generate {0,0,1,0,1...}.

e Uniform on [0,1/2], X =[0,1/2]: choose a point at random on a segment.

Conclusion
[e]e]



In computational statistics:

e Estimate expectations: [ f(x)m(x)dx ~ Y i_; f(x;), and other quantities of
whose explicit formulas are not possible.
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Why we need sampling ?

In computational statistics:

o Estimate expectations: [ f(x)m(x)dx ~ Y I ; f(x;), and other quantities of
whose explicit formulas are not possible.

@ In Bayesian inference — our context, we proposed a new bayesien model for
inferring covariance matrix X:

Ziy oy Zn|2 %./\/’(0, 3)
Y ~SIW(V,v),
Bayesian inference of X requires to derive:

o () :=X|z,..., z,, — Explicit formula exists 7(¥) = SIW(V + > zz" v+ n/2).
o E.(f(X)):= [ f(X)mr(X)dX. — No explicit formula — Sampling algo.
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ldea 1: decomposition by independence

Uniform on [0,1/2]: choose a point at random on a segment.

Uniform on square [0,1/2] x [0,1/2].
A sample takes 2 variables (X, Y), with X € [0,1/2], Y € [0,1/2].

Conclusion
[e]e]
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ldea 1: decomposition by independence

Uniform on [0,1/2]: choose a point at random on a segment.

Uniform on square [0,1/2] x [0,1/2].
A sample takes 2 variables (X, Y), with X € [0,1/2], Y € [0,1/2].
Note that

(X, Y)=4=2x2=7(X)r(Y)

<= X is independent of Y, then we can draw
X ~ Unif(0,1/2), Y ~ Unif(0,1/2),

and return the pair (X, Y).

Conclusion
[e]e]
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ldea 1: decomposition by independence

Suppose that we want to sample a pair (X, Y) with density

m(x,y) = f(x)g(y)-

Then:
o first sample X ~ f,
@ then independently sample Y ~ g.

Conclusion: when a multidimensional distribution factorizes, we can sample it
coordinate by coordinate.

Conclusion
[e]e]
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|dea 2: decomposition by conditioning
More often (X, Y') are not independent, we can try decompose by conditioning
m(x,y) = w(y | x) mx(x).

When 7x(x) and 7(y | x) are easy to sample, then :
@ sample X ~ 7y,
@ then sample Y | X ~ 7(- | X).

Conclusion
[e]e]
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|dea 2: decomposition by conditioning
More often (X, Y') are not independent, we can try decompose by conditioning
m(x,y) = w(y | x) mx(x).

When 7x(x) and 7(y | x) are easy to sample, then :
@ sample X ~ 7y,
@ then sample Y | X ~ 7(- | X).

Example: Sampling from density 7

1 y — x)?
fx,v(x,y) = Loy (x) %GXP(_(QC)Q)> :

A sample takes 2 variables (X, Y), with X € [0,1], Y € R.

Conclusion
[e]e]
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|dea 2: decomposition by conditioning
More often (X, Y') are not independent, we can try decompose by conditioning
m(x,y) = w(y | x) mx(x).

When 7x(x) and 7(y | x) are easy to sample, then :
@ sample X ~ 7y,
@ then sample Y | X ~ 7(- | X).

Example: Sampling from density 7

1 y — x)?
fx,v(x,y) = Loy (x) %GXP(_(QC)Q)> :

A sample takes 2 variables (X, Y), with X € [0,1], Y € R.

X ~ Unif(0,1), Y | X =x~ N(x,0°).

Conclusion
[e]e]
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The actual distribution in the work

Let ¥ = I'Al" be the eigendecomposition, SIW with b = 1 writes as:

a1’
(AT [ w) = c 2Ll f/\r’/\ ")),

where ¢ is some constant, and Ok is the set of all orthonormal matrices of size K.
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The actual distribution in the work

Let ¥ = I'Al" be the eigendecomposition, SIW with b = 1 writes as:

_Irpa-1r’T
(AT [ w) = c 2Ll f/\r’/\ ")),

where ¢ is some constant, and Ok is the set of all orthonormal matrices of size K.

Decomposition into simpler distributions.
e By conditioning: w(A,T|v, V) = n(Al, v, V) 7([|v, V), where
w(Mv, V) =10, (), and efficient sampling has been proposed.

e By indpendence: Given I fixed,

exp (tr (—%F/\_IFT\I}))

(Al v, W) =c¢ N

K
1
= c] [ kzg(Ailv — 1, 5T wTy),
i=1

which are K independent |G distributions. 1G classical ID distribution, easy to sample.
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Details : bias from Step 2 - correct by importance sampling
Let ¥ = I'Al" be the eigendecomposition, SIW with b = 1 writes as:

exp (tr (—3TATIITV))

(AT | v, V) =c
Al

K
1
Lo, (1) = c] [ kzg(Nilv — 1, Er,T\ur,-)loK(r).
i=1

Two-step sampling strategy following (A, v, V) = n(A|l, v, W) ([ v, ¥):
@ I ~ Unif over orthonormal matrices of K x K

@ Al ~ [15, krg(\ilv — 1,417 wr;)

1
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Details : bias from Step 2 - correct by importance sampling
Let ¥ = I'Al" be the eigendecomposition, SIW with b = 1 writes as:

exp (tr (—3TATIITV))

(AT | v, V) =c
Al

K
1
Lo, (1) = c] [ kzg(Nilv — 1, Er,T\ur,-)loK(r).
i=1

Two-step sampling strategy following (A, v, V) = n(A|l, v, W) ([ v, ¥):
@ I ~ Unif over orthonormal matrices of K x K
@ Al ~ T, krg(\ilv — 1, 31TWr;)

1

o )\,|F ~ IQ(A,|V - 17 1FT\IJF,) ?

21
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Details : bias from Step 2 - correct by importance sampling
Let ¥ = I'Al" be the eigendecomposition, SIW with b = 1 writes as:

exp (tr (—3FAITTW)
AV

K
1
(AT v, V) =c Lo, (1) = c] [ kzg(Nilv — 1, Er,T\ur,-)loK(r).
i=1

Two-step sampling strategy following (A, v, V) = n(A|l, v, W) ([ v, ¥):
@ I ~ Unif over orthonormal matrices of K x K
@ Al ~ T, krg(\ilv — 1, 31TWr;)

» 20
o N[ ~ZG(\i|v —1,3FTWr;) 7 NO ! Because
1 1
m(N|F) = ezg(v — 1, §F;T‘|’ri)kzg(/\i|V -1, EF,T\IIF,-)

K
1 1
—a(NT | v, V) = Hqg(y —1, EF,—T\UF,-)kIg()\,-h/ —1, 5r,Twr,-)loK(r)
i=1
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Fast

Table 4: Mean running time over 10 simulations (in seconds) of Algorithm 2.

Ko¥ M 500 2500 4500 6500 8500 10000
(10,4, Case 1) 0.053 0208 0.377 0.528 0.684  0.800
(100, 4, Case 1) 1.494 6.512 11.522 16.540 21.576 25.361
(10, 20, Case 1) 0.039 0.199 0.357 0.511 0.668  0.789
(100, 20, Case 1) 1.456 6.426 11.418 16.392 21.353 25.081

Berger et al. (2020, AOS) takes 0.26 seconds for K = 100 to generate 1 sample.

Conclusion
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Conclusions

In this work, we propose a fast sampling algorithm for the Shrinkage Inverse Wishart
distribution (SIW). This algorithm facilitates posterior inference in Bayesian models
based on the SIW prior by substantially reducing the computational cost, and
therefore makes higher-dimensional problems more tractable. Since SIW is a flexible
prior for covariance matrices and is conjugate to the Gaussian likelihood, the proposed
algorithm broadens its practical applicability and encourages its use in a wider range
of Bayesian models.



Jiang, Y. (2025). New sampling approaches for Shrinkage Inverse-Wishart distribution.
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